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The interdisciplinary nature of complex systems design presents challenges associated with computational bur-
dens and organizational barriers as these issues cannot be resolved with faster computers and more ef� cient
optimization algorithms. There is a need to develop design methods that can model different degrees of collabora-
tion and help resolve the con� icts between different disciplines. An approach to providing � exibility in resolving
the con� icts between the interests of multiple disciplines is proposed. We propose to integrate the robust design
concept into game theory protocols, in particular the Stackelberg leader/follower protocol. Speci� cally, the solution
for the design parameters that involve the coupled information between multiple players (disciplines) is developed
as a range of solutions rather than a single point solution. This additional � exibility provides more freedom to the
discipline that takes the role of follower, while also keeping the performance of the leader discipline stable within
a tolerable range. The method is demonstrated by a passenger aircraft design problem.

Nomenclature
B = wing span, ft
fi = objective functions of discipline i
gi = constraints of discipline i
k j = penalty factors in robust design constraints
L = fuselage length, ft
Ldc = lift-to-drag ratio on climb
Ldl = lift-to-drag ratio on landing
Ldt = lift-to-drag ratio on takeoff
Rfr = fuel ratio required
S = wing area, ft2

T i = installed thrust, lb
Vbr = best-range velocity, ft/s
Wto = takeoff weight, lb
X i = design variables for each discipline i
xL = lower bound of design variables
xU = upper bound of design variables
yi j = linking variables that are evaluated by discipline

i and required by discipline j as the input
1x = deviation range of design solution
¹ f = mean of the objective function f
¾ f = standard deviation of the objective function f

I. Introduction

T HE interdisciplinary nature of modern design processes
presents additional challenges beyond those encountered in

designs that only involve a single discipline. It increases computa-
tional burdens because of the complexity of the problem and also
creates organizational challenges for implementing the necessary
cross-disciplinarycouplings.Several designarchitectureshavebeen
developed to support collaborative multidisciplinary design envi-
ronments using distributed design optimizations. The concurrent
subspace optimization (CSSO) approach1 – 3 and the collaborative
optimization (CO) approach4 – 6 are the two main streams of work in
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this area. A comprehensive review of the multidisciplinary design
optimization architectures is provided by Kroo7 and will not be re-
peated here.

Although concurrent multidisciplinary optimization, including
the all-at-one approach, represents an ideal way of addressing si-
multaneously the needs of multiple disciplines, the issues of com-
putational burdens and organizational challenges likely cannot be
resolved with faster computers and more ef� cient optimization al-
gorithms. A total cooperation among disciplines in a concurrent
engineeringenvironmentis rare in practicebecauseof the aforemen-
tioned reasons. Researchers are working on developing the math-
ematical constructs that could model degrees of collaboration and
allow subdisciplinesto make decisionsindependentof the decisions
of others. One of these approaches is the game theoretic approach.
Lewis and Mistree8 model multidisciplinaryoptimizationproblems
using game theoretical principles,which are rooted in decision sci-
ence. In their model design processes are abstracted as games, and
the disciplinarydesign teams and their associatedanalysis/synthesis
tools are the players in the game. Different degrees of collaboration
can be characterizedby game protocols,and the details are provided
later in this paper.

In thisworkwe proposeto integratethe robustdesignconceptwith
game-theoryprotocols to provide � exibilityin multidisciplinaryde-
cision making. Speci� cally, our approach is applied to the Stackel-
berg leader/follower formulation8 ;9 in which decisions of subdisci-
plines are not made completelyconcurrentlybut occur sequentially.
Note that the Stackelbergleader/follower approach is different from
the traditional sequential approach to design. In the sequential ap-
proach the initial decisions are made without any formal consider-
ation of the later disciplines. Any information necessary up front is
just ignored or assumed. In the Stackelberg approach the leader as-
sumes rationalityof the followers. Although this assumption seems
subtle, it is important, as will be seen later in this paper.

Our aim is to provide � exibility in a design process and help to
further resolve the con� icts and disputes of rationality between the
interestsof multiple disciplines.By � exibility,we mean that instead
of looking for a single point solution in one discipline’s model we
look for a range of solutions that involve information passing be-
tween multiple players (disciplines). With this � exibility the design
freedom of individual disciplines, especially the one that takes the
follower’s role, could be signi� cantly improved. Ultimately, this
process will result in better products in less time because fewer
iterations are needed, more � exibility is allowed, and disciplinary
decisions are made considering the actions of other disciplines.
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II. Technical Background
A. Game Protocols for Multidisciplinary Optimization

In a typical multidisciplinary optimization problem the infor-
mation � ow between multiple disciplines could be represented by
Fig. 1.

In Fig. 1, X i are the design variables for each discipline; yi j are
the linking variables that are evaluated in the analysis of discipline
i and required by discipline j as the input of its analysis; fi are the
objective functions;and gi are the constraints.The linkingvariables
yi j could include some of the design variables X i ; there may also
exist overlaps of objectives and constraints among the disciplines,
and a part of the design variables X i may be shared by different
disciplines.

It was recognizedin Ref. 10 thatgame theorycanbeused to model
the preceding scenario where the disciplines are treated as players
in the game of design. In Ref. 11 the fundamental constructs of
three protocols applicable to design are developed.These are coop-
erative, noncooperative,and sequential decision-makingscenarios.
A short conceptualdiscussion of each protocol is given here. More
mathematicaldetailsof the protocolsare given in Refs. 8, 9, and 12.

Cooperative: Complete cooperationoccurswhen each designeris
aware of all of the others and the decisionsmade by each. In mature
design problems where complete information is available and the
transfer of information is close to if not seamless, the assumption
of perfect or approximate communication is extremely bene� cial.1

Cooperative solutions, or Pareto solutions, are solutions where
both players cannot simultaneously improve.13 These are desirable
solutions.

Noncooperative: Design teams may not have the necessary infor-
mation they need to make a decision. Each design team will have
to make assumptions,many times worst case, about the information
needed from other teams because of interpersonal, computational,
or organizational isolation. This scenario is known as a Nash non-
cooperative formulation.14

Sequential (Stackelberg leader/follower): Leader/follower rela-
tionship exists among design teams where one team makes their
decision or � nalizes their design and passes this information onto
the next team.This relationship,althoughnot fully cooperative,does
have some information transfer. The leader, or most dominant de-
sign team must assume something about the behavior of the teams
following it, and the follower gets to use the information from the
preceding teams but is also constrained by it.

Whereas the complete cooperation is the most desired situation,
the leader/follower relationshipoccurs in many cases. As an exam-
ple, in aircraft design, typically the propulsion systems design is
conducted before other disciplines such as structures, controls, etc.
However, the controls or structures designers could create a design
that renders the propulsion design useless or not powerful enough.
This would create time-consuming iterations. Moreover, it may be
even impossible for the follower to � nd a feasible design given the
design parameters assigned by the leader. Therefore the typical se-
quential design approach may result in con� icts because decisions
about variables that in� uence multiple disciplines are made by one
of the several involvedparties based on the incomplete information.

Of interest in this work is the integration of the robust design
concept into the Stackelberg leader/follower model. The Stackel-
berg leader/follower formulation is different from a typical sequen-
tial formulation in that it uses a concept known as the rational re-
action set (RRS) that strengthens the link between the leader and
follower. Originating in game theory, the term RRS here implies
a set of solutions that an isolated decision maker constructs as a
function of unknown information from other decision makers. In
the leader/follower formulation the leader knows the RRS of the
follower. In other words the leader knows how the follower will

Fig. 1 Information � ow of a multidisciplinary system.

Fig. 2 Construction of rational reaction sets.

react to the decisions the leader makes. The rationale is that if
the leader can predict to some extent how the follower will react
or even account for the follower’s interest in their design the sys-
tem design will be more effective, and needless iterations will be
avoided.

In Lewis’s work8 the RRS is constructedbased on an experimen-
tal approach using samples in a nonlocal design space. Design of
experiments (DOE) techniques15 are used to sample different de-
sign points from one player. These points are then fed to another
player’s model, and themodel is solvedusingoptimizationsoftware.
In this work the optimization software used is Decision Support in
the Design of Engineering Systems (DSIDES).16 This is repeated a
number of times, depending upon the number of coupled variables
and the level of the response surface desired. A response surface is
created linking the solution of one player as a function of the so-
lution of another using DOE techniques. This process is illustrated
in Fig. 2, where the rational reaction set of player 2 is constructed
[y21 D f .y12/]. Points are sampled in player1’s space (y12 ), and then
these values are fed to player 2’s decision model, which is solved
(y21). Then the input/output pairs, where y12 represents the input
and y21 represents the output, are used to construct the response
surface approximation of y21 D f .y12/ (right side). This RRS will
then be used in P1’s model as a prediction of P2’s behavior.

Although the RRS provides a viable approach to addressing the
needsof the follower in the leader’s model, the resultsobtainedfrom
the leader/follower model may deviate from those obtained using
the all-in-one, or cooperative, approach. In this work we propose
to further resolve the con� icts between multiple players using the
robust design method. In the next section we introduce the concept
of robust design and its usefulness in achieving � exibility. Robust
design techniquesare used to help alleviate some of the con� icts in
the leader/follower approach.

B. Robust Design Approach to Achieving Design Flexibility
Taguchi’s robust design method has been widely used to design

quality into products and processes.17– 19 Whereas various other ap-
proaches assume that a good design meets a set of well-de� ned
functional, technical performance, and cost goals, Taguchi states
that a good design minimizes the quality loss over the life of the
design, where quality loss is de� ned to be the deviation from the
desired performance.

Whereas the majority of the early applications of robust design
consider manufacturingas the cause for performancevariations, re-
cent developments in design methodology have produced design
approaches and methods that introduce the robustness of design
decisions.20 ;21 In Chang’ work Taguchi’s parameter design concept
is used to support teams in communicating about sets of possibili-
ties and to make decisions that are robust against variations in the
part of the designs done by other team members. In their model
the uncertaintiesbetween different teams are modeled as noise fac-
tors (uncontrolledparameters). A part of the author’s investigation21

is to apply the robust design concept to the early stages of design
for making decisions that are robust to the changes of downstream
design considerations (called type I robust design). Furthermore,
the robust design concept is extended to make decisions that are
� exible to be allowed to vary within a range (called type II ro-
bust design). What is relevant to this work is the type II robust
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Fig. 3 Type II robust design: developing � exible solutions.21

design, in which performance variations are contributed by the de-
viations of control factors (decision variables) rather than the noise
factors.

The concept behind type II robust design for determining� exible
designsolutionsis representedin Fig. 3. For purposesof illustration,
assume that the performance is a function of only one variable x .
Generally, in this type of robust design, to reduce the variation of
responsecausedby variationsof designvariables,insteadof seeking
the optimumvalue, a designeris interestedin identifyingthe � at part
of a curve near the performance target. If the objective is to move
the performance function toward target M and if a robust design is
not sought, then obviously the point x D ¹opt is chosen. However,
for a robust design x D ¹robust is a better choice. If design variables
vary within the region §1x of their means, the resulting variation
of response of the design at x D ¹robust is much smaller than that
at x D ¹opt, while the means of the response at two designs are
close.

When implementedby optimization,robust design is achievedby
bringing the mean on target (aligning the peak of the bell-shaped
response distribution with the targeted quality) and minimizing the
variance (making the bell-shapedcurve thinner). For a typical opti-
mization model that is stated in Eq. (1),

Find:

x

Minimize:

f .x/ .1/

Subject to:

g j .x/ · 0; j D 1; 2; : : : ; J

xL · x · xU

The robust optimization can be formulated as a multiobjective op-
timization problem shown as the following:

Find:

x; 1x

Minimize:

[¹ f ; ¾ f ] .2/

Subject to:

g j .x/ C k j

n

i D 1

@g j

@ xi
1xi · 0; j D 1; 2; : : : ; J

xL C 1x · x · xU ¡ 1x

where ¹ f and ¾ f are the mean and the standard deviation of the
objective function f .x/, respectively.In Eq. (2), the mean locations
and the rangeof designsolutionsare identi� ed as x and 1x . To study
the variation of constraints, we use the worst-case scenario, which
assumes that all variationsof system performancemay occur simul-
taneously in the worst possible combination of design variables.17

To ensure the feasibility of the constraints under the deviations of
the design variables, the original constraintsare modi� ed by adding
the penalty term to each of them, where k j are penalty factors to be
determinedby the designer.The boundsof design variablesare also
modi� ed to ensure the feasibility under deviations. Depending on

the computationresource,¹ f and¾ f couldbeobtainedthroughsim-
ulations or analytical means such as Taylor expansions.The robust
design approach introduced in this section is applied to multidisci-
plinary optimizationto improve the � exibilityof a decision-making
procedure.

III. Approach for Achieving Flexibility
in Multidisciplinary Optimization

To facilitate the following discussion, assume there are two play-
ers P1 and P2 that control sets of x1 and x2 and try to minimize
their own sets of objective functions f1 and f2, respectively. If we
take P1 as a leader and P2 as a follower, based on the nomenclature
provided in Fig. 1, the leader/follower model developedby Lewis11

is illustrated in Fig. 4.
In the precedingmodel the leader P1 makes decisions � rst based

on the rationality of the follower. This rationality is captured by
the RRS of the follower, represented by the relationships between
linking variables, i.e., y21 D RRS.y12/, through response surface
approximations as introduced in Sec. II.A. The leader’s solution,
speci� cally the linking variable y12, will then be passed to the fol-
lower’s model so that player 2 could make decisions accordingly.
Although RRS provides a viable approach to addressing the needs
of the follower in the leader’s model, the follower may still not be
able to � nd a favorable design as it is constrained by the leader.

To resolve this con� ict, the robust design formulation introduced
in Sec. II.B is incorporated to increase the freedom of the follower.
As shown in Fig. 5, different from the model in Fig. 4, this new
approach will generate a range of solutions [x1 ¡ 1x1; x1 C 1x1]
instead of a single point solution in the leader’s model. This range
of solutions will determine the performance of P1 , which are good
enough, and at the same time will be allowed to vary in an accept-
able range. Given the range of x1 and the resulting range of linking
variables y12, it follows naturally that it is easier for P2 to � nd a
favorable design. As shown in Fig. 5, in the Find section of P2’s
model, the follower will determine its own best solution x2 and at
the same time is given the opportunity to pick the most favorable
value of linkingvariables y12 passed from the leader. In this way the
follower’s performance can be improved, and the leader’s perfor-
mance is still stable in the range although it may not be the best. The

Fig. 4 Leader/follower protocol models.

Fig. 5 Leader/follower model with robustness considerations.
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overall solution should be at least comparable to that of the model
without robust design considerations. In Fig. 5, g1worst, the worst
value of the constraint g1 , can be derived following the discussions
providedearlier for Eq. (2). A rangeof solutionscould be developed
for the whole set or only a part of leader’s designvariables.For those
design variables x1 that show no effect on the linking variables y12

(they ultimately have no impact on follower’s solution), a single
point solution could be sought.

Because robust design involves multiple objectives such as the
optimization of mean performance ¹ f and the minimization of
the performance variance ¾ f [Eq. (2)], multiobjective optimiza-
tion techniques need to be employed to support the tradeoffs of
these two aspects. There are many existing multiobjective opti-
mization approaches that can be used to achieve this purpose. In
this work the compromise decision support problem (DSP) is se-
lected to implement the multiobjective robust design optimization.
The compromise DSP (shown in Fig. 6) is a multiobjective math-
ematical construct, which is a hybrid formulation based on mathe-
matical programming and goal programming.22 In the compromise
DSP each goal has two associated deviation variables d¡

i and dC
i

that indicate the extent of the deviation from the target G i . Goals
may either be weighted in an Archimedean solution scheme or,
using a preemptive approach, rank ordered into priority levels to
effect a solution on the basis of preference.22 The goals are trans-
formed into a total deviation function, a formula comprised of de-
viations variables, as indicated by Z in Fig. 6. Using the compro-
mise DSP, a robust design problem is modeled with two separate
goals for bringing the mean on target and minimizing the devia-
tion of the system performance. Each player in Fig. 5 has their
own compromise DSPs. However, the leader’s includes the robust
formulation.

Fig. 6 Compromise decision support problem.

Fig. 7 Aerodynamics and Weights compromise DSPs.

IV. Example: Design of a Passenger Aircraft
To illustrate the effectiveness of the approach, the design of a

727(200 passenger aircraft), which is derived from Refs. 8, 11, and
23, is investigated.Two distinctsubsystemsare identi� ed, each with
their own analysis and synthesis routines: the aerodynamicssubsys-
tem is responsible for the wing and fuselage lift characteristics,and
the weights subsystem is responsible for setting the thrust available
and takeoffweight througha fuelbalance.In Fig. 7 the originalcom-
promise DSPs for each player, before the RRS equationsand robust
design considerationsare introduced into the model, are shown.

The relationship between these two subsystems is further illus-
trated in the dependencydiagramFig. 8, where B is the wing span, S
is the wing area, L is the fuselage length, Wto is the takeoff weight,
and T i is the installed thrust. There are three linking variables,
y21—Wto, T i , and Rfr (fuel balance)—required by the aerodynam-
ics designer from the weights designer, and � ve linking variables
y12—S, Vbr (best range speed), and three lift-to-drag ratios Ldc ,
Ldt , and Ldl —required by the weights designer from the aerody-
namics designer. Both sets of linking variables include a part of
the design variables. The details of the two disciplinary models
are given in Refs. 11 and 23. The models used are sets of analyt-
ical equations. However, the solution of each discipline’s model
not only includes optimization iterations, but also includes analy-
sis iterations where each discipline must � nd an equilibrium point.
For instance, the weight discipline must perform a fuel balance,
which requires iterating and bringing the fuel required and fuel
available into equilibrium. Also, the aerodynamics discipline must
bring the drag coef� cients and velocities into equilibriumwith each
analysis.

The procedure of constructing the RRS between the two disci-
plines is introducedin Ref. 11 and describedbrie� y in Sec. II.A, and
will not be repeated here. The RRS of each discipline, approximat-
ing the linking variables as a function of the other player’s linking
variables, are provided in the Appendix. All of these second-order
responsesurfaceapproximationsare used in each scenarioto predict
the in� uence of one discipline upon another.

Our approach is illustrated for the case in which the aerodynam-
ics (Aero) system is the leader and the weights (Weights) system

Fig. 8 Dependency diagram of passenger aircraft model.
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Fig. 9 Robust design model for Aero as leader.

Fig. 10 Model for player Weights as follower.

Table 1 Solutions of Aero leader/Weights follower models
without robust design considerations

Parameter Aero (leader) Weights (follower)

Design variables B, ft; 138.377 Ti, lb; 30,269.2
S, ft2 ; 1,913.04 Wto, lb; 188,119
L , ft; 136.418 —— ——

Deviation function of 0.2402 0.2130
performance

is the follower. Without including the robust design considera-
tions, the problem can be solved sequentially by the Stackelberg
leader/follower models as presented in Fig. 5. The results of de-
sign variables and the achieved performance from the nonrobust
leader/follower formulation are presented in Table 1. These results
will be used as benchmarks for the robust formulations.

To introducethe � exibility into the leader/followerdecisionmak-
ing process, the Aero design model is � rst modi� ed based on the
robust design principle (Fig. 9). A range of solutions is sought for
one design variable S (wing area), which is also a linking variable
(y12) passing to the Weights. The range of wing area 1S is thus
considered as an additional design variable in the Aero leader’s ro-
bust design model. In addition to satisfying the constraints in the
worst case of design deviations, the design objectives are modi� ed
to accommodate the goal of minimizing the performance as well as
optimizing the mean performance. All of the design objectives are
captured as goals in the compromise DSP.

Three different design scenarios are considered for solving the
preceding model. As shown in Table 2, for the � rst two scenarios
the preemptive formulation is used where the robust and perfor-
mance goals are placed at different priority levels. In scenario III
the Archimedean formulation is used in which the aforementioned
two sets of goals are placed at the same level with equal weights.
To evaluate the mean and the deviations of performance variables,

Monte Carlo simulationis utilized.In each iterationof optimization,
the mean of performance and its variance are calculated based on
300 simulations with S evenly selected within the identi� ed range
1S.

The results of design variables, linking variables, and total devi-
ations for the Aero subsystem are collected in Table 2. The obser-
vation was made that none of these three solutions are the same as
the result from the original Aero leader model provided in Table 1,
with the difference between the solution of the wing area S being
the most signi� cant.Under scenario I the solutionof the range (1S)
is very close to 0 because, under scenario I, the robustness consid-
eration is placed at the highest level. Under the other two scenarios
a reasonable range of S (1S) is obtained. Compared to scenar-
ios I and II, the results from scenario III represent a good tradeoff
between the two aspects of robust design, evidenced by the values
of deviation functions included at the end of the table. A smaller
value of the deviation function indicates that the goals are better
achieved.We observethat the achievedAero performanceis slightly
worse under scenarios II and III compared to the one obtained from
the model without any robust design considerations (see Table 1).
The achieved Aero performance is the worst under scenario I be-
cause the robustness consideration is placed at a higher level under
this scenario. In Table 2 the resultingdeviationsof all of the linking
variables are listed under Range under each scenario.

Once the leader’s model is solved based on the robust design
considerations, the solutions of design variables, linking variables,
along with the deviationsassociatedwith these variables,are passed
to the follower model. As shown in Fig. 10, different from the con-
ventional follower model, here the follower Weights has the � ex-
ibility of choosing the best value of linking variable S among its
range 1S, as well as the most favorable values of the other linking
variables, such as Ldc , Ldt , Ldl , and Vbr within the deviationranges
as identi� ed by the leader (Table 2).

Results when player Weights is the follower are provided in
Table 3. Two of the three scenarios (scenarios II and III) result in
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Table 2 Robust solution of Aerodynamics as leader

Scenario I: level 1 robustness, Scenario II: level 1 performance, Scenario III: robustness and
level 2 performance level 2 robustness performance at one level

Variables Nominal Range, 1 Nominal Range, 1 Nominal Range, 1

B, ft 86.025 —— 130.78 —— 130.867 ——
S, ft2 1364.17 1.47E¡05 1718.64 191.799 1801.18 33.2947
L , ft 144.588 —— 114.817 —— 113.556 ——

Linking variables
LdL 9.1339 6.48E¡04 15.3586 0.1363 15.3187 2.32E¡02
LdT 6.6426 1.75E¡04 12.0694 0.1112 12.0304 1.83E¡02
LdC 14.7197 1.34E¡05 20.2829 0.1883 20.2012 3.23E¡02
Vbr , ft/s 808.344 1.24E¡03 687.201 0.6607 686.861 0.146100

Performance Variance Performance Variance Performance Variance
Deviation 0.2599 0.001974 0.24479 231.916 0.24416 39.972

functions

Table 3 Solutions of Weights as follower

Variables Scenario I Scenario II Scenario III

Weights design variables
T i , lbs 48001.3 32132.9 31607.2
Wto, lbs 180320 191097 191318

Linking variables
S, ft2 1364.17 1902.5 1855.99
LdL 9.1339 15.3586 15.8193
LdT 6.6426 12.1806 12.4784
LdC 14.7197 20.4712 20.5827
Vbr, ft/s 808.344 687.635 679.251
Deviation functions 0.2150 0.19911 0.20163

Table 4 Solution with goal on maximizing the � exibility (scenario IV)

From leader model From follower model

Variables Nominal Range, 1 Nominal Nominal

B, ft 132.991 —— Ti, lb 31,849.7
S, ft2 1,769.8 198.875 Wto, lbs 191,706
L , ft 105.174 —— S, ft2 1,967.07

Linking variables
LdL 15.575 0.129774 LdL 15.575
Ldt 12.2531 1.05E¡01 Ldt T 12.3829
Ldc 20.2975 0.190041 LdcC 20.4875
Vbr, ft/s 681.054 1.00063 Vbr , ft/s 681.913

Performance Variance —— Variance
Deviation 0.2431 47.1 —— 0.19806

functions

improved performance for player Weight (from Table 1) with that
under scenario II being the most signi� cant. This is re� ected in the
reduced deviation function values compared to the result without
robust design consideration. The most favorable values of linking
variables identi� ed by the Weights player (Table 3) are consistent
with the tolerable ranges determined by the Aero player (Table 2).

The robust design model for achievingdesign � exibility is not re-
stricted to the form presented in Fig. 11. Depending on a designer’s
(leader’s) willingness of sacri� cing its performance and the need of
achieving � exibility, additional constraints and objectives could be
included.We illustrate this by consideringa case in which the devi-
ations of all of the performancevariables are desired to be less than
3% of its nominal value, and 1S is desired to be as large as possible
to provide the most � exibility to the follower. The former consid-
eration is modeled as additional constraints for each performance
goal, and the latter is achieved by adding maximizing 1S as a goal,
which is placed at the same level with the goals on performance and
robustness. This case is scenario IV, and its results are provided in
Table 4. The 1S, i.e., 198.875 ft2 , identi� ed by the modi� ed leader
model is larger than all of the other solutions in Table 2, where the
goal of maximizing � exibility is not included. After solving the fol-
lower’s model using this new range, we observe that the deviation
function of the weights system is further reduced to 0.19806. In
Table 4 we also list the values of other linking variables identi� ed

Fig. 11 Comparison of deviation functions.

from the follower model based on the deviation ranges passed from
the leader model.

Plots of the deviation functions of the leader’s and the follower’s
performance are provided in Fig. 11 for all of the scenarios exer-
cised. These results are also compared to the solution from the orig-
inal model without any robust design considerations. Most of the
scenariosexcept scenarioI have resultedin improveddesignsfor the
player Weights (the lower the deviation function, the better). When
maximizing � exibility is added as a goal in the Aero model (sce-
nario IV), this improvement is the most signi� cant. From the
comparisons for the Aero performance, the performance of player
aerodynamics as the leader has been sacri� ced to some extent. The
minimum increase occurs in scenarios II, III, and IV, which are all
close to 1.58%.Under scenarioIV the most signi� cant improvement
of the Weights’ performance is achieved, being 7.01%. The general
pro� le of Fig. 11 illustrates that the improvement of Weights’ per-
formance is obtained at a low cost of sacri� cing the needs from
Aero. The reason why the results from scenario I are not quite
useful is because the emphasis of this model is on achieving the
robustness.The objectiveon achievingmean performanceis placed
at a lower priority. This arrangement drives the solution toward the
lowest � exibility (1S is close to 0) in the design region with the
minimum performancedeviation,but not necessaryfor a goodmean
performance.This scenario is thereforenot recommendedfor future
applications.

To verify the validity of our results, simulations are conducted
to provide the insights into the Aero and Weights models. The grid
plots in Figs. 12 and 13 are obtained by exercising the Aero anal-
ysis model for different combinations of S and 1S within their
given ranges while � xing the remaining input variables such as
B and L according to the solutions of scenario IV. From Fig. 12,
to minimize the Aero mean performance deviation function, the
mean wing area S is preferred to be around the middle of its
range (1200, 2500 ft2 ). The range of wing area 1S has a much
smaller impactwhereas a smaller valueof1S is generallypreferred.
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Fig. 12 Grid plots of Aero mean performance deviation function.

Fig. 13 Grid plots of Aero performance variance.

Fig. 14 Impact of linking variable on Weights performance.

This indicates that from the Aero player’s point of view smaller
deviationsof linking variables (less � exibility) are preferred,which
is reasonable. Figure 13 further illustrates that a smaller devia-
tion of linking variable (1S) results in lower Aero performance
variance. Compared to 1S, S has a much smaller impact on the
variance of Aero performance, with those at the upper and lower
bounds of S being more favorable. The results obtained under sce-
nario IV, i.e., S D 1769:9 and 1S D 198:875, are consistent with
the observed Aero model behavior. This solution illustrates a good
tradeoff between the needs of minimizing the Aero mean perfor-
mance, minimizing the Aero performance deviation, and maximiz-
ing the � exibility (1S).

The Weights analysis model is also exercised to study the impact
of the linking variable on the Weights performance. Figure 14 is
obtainedby varyingthe linkingvariable S within the tolerancerange
passed from the Aero playerwhile � xing the remainderof the inputs
accordingto those listed under scenario IV (see Table 4). The larger
the linking variable S is then the better the Weights’ performance,
which explainswhy the valueof S determinedby the Weightsplayer
(S D 1967:07 ft2) sits near the upper boundof the rangepassed from
the Aero player (1769:8 § 198:875 ft2 ). Similar observationscan be
made for other scenarios.

The Weights leader/Aerodynamics follower scenariois also exer-
cised followinga similar procedure.A range of solutionsare sought
for the linkingvariablesWto andTi, whichare thedesignvariablesof
weights system (leader) that are also the linking variables passed to
the Aero system (follower). There is little impact on improving the
Aero performancewith the � exibility provided. This happens when
the linking variables are not the critical factors for improving the
follower’s performanceor becauseof the restrictionsimposedby the
constraints of the follower system itself. This problem-dependent
insight can be used to predict the in� uence of disciplinesupon each
other in order to determinedecision-makingorder,priority, resource
allocation, and other design process related parameters.

V. Conclusions
In this paper we developeda design methodology that integrates

the robust design concept and the game theoreticapproach to multi-
disciplinarydesign.Under the Stackelberg leader/follower protocol
ranges of solutions are developed for variables that are coupled be-
tween multiple players (disciplines). This provides � exibility that
helps to resolve the con� icts and disputes of rationality between
the interests of multiple disciplines. The robust design concept has
beensuccessfullyused to searcha rangeof solutionsthat improvethe
performanceof one discipline as well as to control the performance
deviations of the other within a tolerable range. By exercising dif-
ferent scenarioswe show that the needs of optimizingperformance,
minimizing performancedeviations,and maximizing � exibilitycan
be modeled at different priority levels in a multiobjectiveoptimiza-
tion construct.

We acknowledge that there are couplings among disciplines and
that we may never be able to eliminate these couplings. However,
we are trying to minimize their effects.By minimizing the effectsof
the decisionsmade by one disciplineupon other disciplines,we feel
iteration time can be saved, and the ability to make decisions con-
currently can be improved.Our example illustrates the capabilityof
our approach in improving the performanceof one disciplinewhile
keeping the loss of the other discipline at a minimum. We believe
that, by utilizing robust design not only to minimize the effects of
externalnoise factorsbut to minimize the effectsof internaldecision
factors on multiple disciplines, the bene� ts of applying multidisci-
plinary optimizationapproaches such as CSSO, CO, and game the-
ory to complex design problems can be effectively increased. The
principle illustratedin this paper for two disciplinescan be extended
to multidisciplinaryoptimization involving more than two players.

Appendix: Rational Reaction Set of Each Discipline
Linking variables y12 needed by Weights from Aero [y12 D

f .y21/]:

S D 1448 C 444:4¤Wto C 175:8¤T i ¡ 107:5¤Rfr

¡ 155:8¤Wto¤T i ¡ 83:01¤Wto¤Rfr ¡ 83:01¤T i¤Rfr

C 186:5¤Wto2 C 97:04¤T i 2 C 15:27¤Rfr2

L Dc D 18:06 ¡ 1:878¤Wto ¡ 1:380¤T i C 0:3684¤Rfr

C 0:1019¤Wto¤T i C 0:19¤Wto¤Rfr C 0:19¤T i¤Rfr

¡ 0:4238¤Wto2 C 0:1319¤T i 2 ¡ 0:685¤Rfr2

V br D 744:9 C 6:421¤Wto ¡ 52:37¤T i C 7:532¤Rfr

C 15:79¤Wto¤T i C 6:924¤Wto¤T i C 6:924¤T i¤Rfr

¡ 31:64¤Wto2 ¡ 9:419¤T i 2 C 7:828¤Rfr2

L Dl D 14:12 C 1:47¤Wto ¡ 2:142¤T i C 2:601¤Rfr

¡ 0:2179¤Wto¤T i C 0:2556¤Wto¤Rfr C 0:0879¤T i¤Rfr

C 0:0998¤Wto2 C 0:4169¤T i 2 ¡ 0:6684¤Rfr2
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L Dt D 9:698 ¡ 0:9576¤Wto ¡ 1:97¤T i C 0:04071¤Rfr

¡ 0:336¤Wto¤T i ¡ 0:05205¤Wto¤Rfr ¡ 0:05205¤T i¤Rfr

C 0:1815¤Wto2 C 0:7128¤T i 2 ¡ 0:899¤Rfr2

Linking variables y21 needed by Aero from Weights [y21 D
f .y12/]:

Wto D 216000 C 15040¤ S ¡ 11300¤ V br ¡ 163:4¤ L Dl

¡ 5318¤ L Dc C 20930¤ L Dt ¡ 305:0¤ S¤V br

¡ 148:6¤ S¤ L Dl C 2694¤ S¤ L Dc C 13580¤ S¤ L Dt

¡ 158:9¤V br¤ L Dl C 2512¤V br¤ L Dc ¡ 9457¤ V br¤ L Dt

C 425:8¤ L Dl¤ L Dc ¡ 173:6¤ L Dl¤ L Dt ¡ 3912¤ L Dc¤ L Dt

¡ 22370¤ S2 ¡ 1624¤V br 2 C 11730¤ L Dl2

C 2571¤ L Dc2 ¡ 24730¤ L Dt2

T i D 39120¡ 284:1¤S ¡2565¤V br ¡ 547:2¤ L Dl ¡ 1558¤ L Dc

¡ 10170¤ L Dt C 1680¤ S¤V br ¡ 559:6¤ S¤ L Dl

C 1525¤ S¤ L Dc ¡ 784:5¤ S¤ L Dt ¡ 447:1¤V br¤ L Dl

C 1409¤V br ¤ L Dc ¡ 2194¤V br¤ L Dt ¡ 149¤ L Dl¤ L Dc

¡ 581:4¤ L Dl¤ L Dt ¡ 1355¤ L Dc¤ L Dt ¡ 4058¤ S2

¡ 229:7¤V br2 C 2212¤ L Dl2 C 988:2¤ L Dc2 C 6190¤ L Dt 2

Rfr D 0:3145 ¡ 0:0833¤V br ¡ 0:06146¤ L Dc

C 0:01412¤V br¤ L Dc C 0:00003624¤ S2 C 0:02323¤V br2

C 0:00003624¤ L Dl2 C 0:01261¤ L Dc2 C 0:00003624¤ L Dt 2
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